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Abstract 

We study models where the gauge coupling constants, masses and the gravitational constant 
are functions of some conserved charge in the universe, and furthermore a cosmological constant 
that depends on the total charge of the universe. We first consider the standard Dirac action, 
but where the mass and the electromagnetic coupling constant are a function of the charge 
in the universe and afterwards extend this to curved spacetime and consider gauge coupling 
constants, the gravitation constant and the mass as a function of the charge of the universe, 
which represent a sort of Mach principle for all the constants of nature. In the flat space 
formulation, the formalism is not manifestly Lorentz invariant, however Lorentz invariance can 
be restored by performing a phase transformation of the Dirac field, while in the curved space 
time formulation, there is the additional feature that some of the equations of motion break 
the general coordinate invariance also, but in a way that can be understood as a coordinate 
choice only, so the equations are still of the General Relativity type, but with a certain natural 
coordinate choice, where there is no current of the charge. We have generalized what we have 
done and also constructed a cosmological constant which depends on the total charge of the 
universe. If we were to use some only approximately conserved charge for these constructions, 
like say baryon number (in the context of the standard model), this will lead to corresponding 
violations of Lorentz symmetry in the early universe for example. We also briefly discuss another 
no local formulations where the coupling constants are functions of the Pontryagin index of some 
non abelian gauge field configurations. The construction of charge dependent contributions can 
also be motivated from the structure of the " infra-red counter terms" needed to cancel infra red 
divergences for example in three dimension. 

1 Introduction 

Mach's principle is well known, as a principle that relates a local problem to a non local problem. 
The original Mach principle Q] is based on the claim that the inertial frames are influenced by 
the other celestial bodies. In other words' every mass in the universe is influenced by all the 
other masses in the universe. The Mach principle is still in a debate. In our article, we will show 
that there is a possibility to precisely formulate a Mach principle for electromagnetic coupling 
constant and indeed any other constant of nature, where we take these constants to be a function 
of the total charge. This breaks the locality of the problem (in the original Mach principle the 
mass broke the locality). We briefly discuss also the possibility of these constants depending on 
the Pontryagin index of some non abelian gauge field configurations. 

In ref. [9] ,in order to cancel infra red divergence in 3 - dimension gauge theories , infra red counter 
terms are introduced. This is shown in ref. [5] to be equivalent to the procedure developed in 
ref If to cancel infra red divergence by introducing zero energy momentum photons. These infra 
red divergences are related to the super renormalizabilty of the theory in 3- dimensions [TU] We 
generalize this idea and define the coupling constant to be proportional to this term (and latter 
to be an arbitrary function of (|55p ), we latter connect this procedure with our treatment. 
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2 The electromagnetic coupling constant as a function of 
all the charge in the universe 

We begin by considering the action for the Dirac equation (see for example ref [5]) 



S = j d 4 x^{-^ 0„ -eArf - mty (1) 

where ip = 7/^7° .However here we take the coupling constant e to be proportional to the total 
charge (we will afterwards generalize and consider an arbitrary function of the total charge). 



e = A / ip^(y, y° = t )ip(y : y° = t ) d 3 y = A / p(y, y° = t ) d 3 y (2) 



and we will show that physics does not depend on the time slice y° = t 
so after the new definition of "e" the action will be: 



S= I d 4 xi>(x)(-^ d„ -m)V(x) 
-A( J d 3 y^(y,y° = t )^(y,y° = t ))( J d^x^A^^x)) (3) 
we can express the three dimensional integral as a four dimensional integral 

d 3 y y° = toh°i/j(y, y°=t ) = J d 4 y <P(yh a ^(y)5(y° - t ) (4) 
so finally the action will be 

S = J #x${x)(±>f d»-m)i/>(x)-\(J d i xtP(x)A^(x))(J d 4 y^(y) 7 V(y)% -t )) (5) 
if we consider the fact that ^(z) = 8 4 (x — z) 8 a b and |^|y = we get the equation of motion 

' )S = = / 5 4 {x - z^vfd^ - m)V(ar) d 4 x 



-A( / d 4 xS 4 (x - z)A^{x)){ / d 4 y^yh°iP(y)S(y - t )) 



-A( J d 4 x^(x)A^{x)){ J d 4 yS 4 (y - z) 7 V(y)%° - to)) (6) 

so to accomplish our goal we need just to perform the integrations in the last equation, and 
then the expression will simplified to 

' )S = (iVfy - m)il>(z) - A( / ^i/frVfoW - *o) d 4 y)A^(z) 



5ip(z) 

-A( / ^(x)A^(x) d 4 xh ^(z)S(z - t ) (7) 



which can be simplified more by the use of new definition b e = A(J ip( x ) j ^-iJ,l ll 4 , ( x ) d 4 x) which 
is a constant, and by the definition in equation ((2J 

' )S [i 1 »d il -m-eA^-b el H{z -t Q )]i>{z)=Q (8) 



5tp{z 



so we can see that the last term in the equation of motion © contains A^j^ where A^ F = 
d^A and A = b e 6(z° — to) is a pure gauge field, so the solution of this equation is 

i> = e- ib ^ z °- to ^ D (9) 

where tpu is the solution of the equation 

[i^d„ -m- eA^\i> D = (10) 

from which it follows that = ipDj^D — ipj^ip satisfies the local conservation law d^j^ = 
and therefore we obtain that Q = J d 3 x j° is conserved, so it does not depend on the time slice, 
furthermore it also follows that it is a scalar as we have proved in the appendix (TA1 . 

3 Mass as a function of all the charge in the universe 

We will show now that we can do the same thing as in paragraph @ for the mass. We consider 
the action equation (fTJ) where we take the mass to be equal to 

m = A / ^°tpd 3 y (11) 



we do the same thing like in paragraph ([2]) so we expand equation (jlip like we did in equation 
flU, so we will get the equation of motion 

' :)S [i-fdp - m - eArf - b m7 °S(z° - t )]i/j(z) = (12) 



8ip{z 



where b m = A J ipip d 4 x. So again we can eliminate S(z° — to) term by a phase transformation, 
with the same conclusion that there is no violation of Lorcntz invariance. 



4 Coupling constant as a general function of all the charge 
in the universe 

For a general coupling constant "a" and a general function F(ip,ip) and a coupling constant "e" 
the action of the Dirac equation is 

S = Jd 4 x -eArf - m)V + J d 4 x[aF(ip, $)\ (13) 

we take the coupling constants "a" and "e" as an arbitrary functions g a and g e of 
Q = J^(y,y = t )iP(y,y = t )d 3 y 

a = g a {l ^(y, y° = toMy, y° = to) d s y) = 9a ( I P (jf, y u = t ) d 3 y ) 1 1 4 1 



e = 9e( J ^(y, y° = t )iP(y, y° = t ) d 3 y) = g e ( I p(y, y° = t ) d 3 y) (15) 

we put the last definition in equation (|13p and expand equation (| 14[) like we did in equation 
(U]), we do a variation and use the fact that ^(z) = S 4 (x — z)8 a b and = and do the 

integration as like we did in peragraph ((2|) so we get to the general motion equation 



L «y*fl - m - eArf - b ael »6(z» - t )]^(z) + a( V "V \ ) = ( 16 ) 

where 6 ae = d9 g^ J d 4 x F(ip, tp) + d9 g^ f d 4 x ty^^A* 1 so we get that any coupling constant 
in this form can be a function of the charge in the universe without violating Lorentz invariance 
(again after performing the appropriate phase transformation). 
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5 Gravitational coupling constant as a function of all the 
charge in the universe 

We will show that we can define the gravitation coupling constant as a function of all the charge 
in the universe. We start with the definition of the equations of each of ours parameters because 
we are dealing with curved space. The Dirac action in curved space is [3] 

Sd = J d^x^C-r D a -m)V (17) 

where D a — e^d^ — jG^r] ac uj^ fi a ab is the covariant derivative for fermion and is the 
vierbein and tr Q ^ = §b /Q ,7' 3 ] is the commutator of the Dirac gamma metric, and the spin 
connection is uj^ = e^d^e^ + e^e^r^ where is the Christoffel symbol and ij ac is the 
lorentzian metric, the second definition is the action of the gravity [4] 

s G = -^J V9R(x)d 4 x (18) 
where we will take gravitational constant to be 

~ltc =X J V9^al a i>d 3 y (19) 
the total action is 

S t = S G + S D (20) 
we will do now the variation on (|20p by the vierbein and by ip: 

6St= 8^cJ ^ [R ^ ~ \ 5 \ R ^ 5e « d ' x + 
A( / s fgR{x)d i x) [ fafylefe^Se* + Se°]^d 3 y+ f d^Xyfge^Se^W Dp -mty 



+ I d A x^5e^{-^ Dn)ip 



+A( J y/g8i>e^ a i>d 6 y){ J ^gR(x) d 4 x) + J d 4 Xy ^S^ a D a - m)^j = (21) 

because we have two different variations, we can produce two equation. The first equation 
(from the variation with respect to ■0) is: 

A( J V9We°j a ^d 3 y)( J JgR(x) d 4 x) + J d^x^^i^B^ - m)V = (22) 

we will use equation (Q| and the fact that fj^fj — 8^{x — z)8 a b and S ^fl — and after 
integration we get: 

(ij a D a -m + Xe^ a 8(z° -t )(J d 4 x Ry/g))^ = (23) 

which mean that again we have a phase transformation of ip that eliminates the 5(z°— to) term. 

_ . <-> 

Before we proceed to the second equation we will notice that the expression 8egtp(^j^ D^)ip in 
equation (|2Tj) can be modified to: 

5e^{\l P = D» +7^ (24) 
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So the second equation is (from the variation with respect to the vierbcin): 



- [R\ - \5\R]e\ = SnGX( J JgR(x) d 4 x)^^S(y° - t )[e°e^ + 6?%] 

+87rGe>(^ 7 Q D a -m)i/> + 8^G-^( 7 Q Dp +lp D a )^ (25) 

By contracting equation (|25j) with e Q7 = e s ^rj a g and using the fact that e^e^rjas — g\- t and 

the fact that ^(|7 Q D a ~m)i/: = — X(J ^/gR(x) d i x)i!e^j l3 tJjS(y° — t ) we get the Einstein field 
equation with a modification 

1 - i <r> i o 

-8^AG( /" ^i?(x) d 4 x)^i>5(y° - t ) [e/^] (26) 

Because equation (|26[) is symmetric (the last term is not symmetric) then we have to conclude 
that 

$7%*W = (27) 
which means that 

ihi'U = (28) 

where 7^ = J^eJ g$i , which means that we have imposed a gauge condition for the coordinate 
so that spatial part of the Dirac current is equal to zero, so equation (|26j) will become in these 
coordinates, 

R ~tv ~ \g^R = -8ttG^(^7 7 Dp +^7m £>t)^ 
-8^AG( J y/gR(x) d A x)^e s g SQ ^S(y° - t ) (29) 

It is important to note that 7 and fi in 7 7 and 7^ in equation (|29[) are general coordinate 
indices while (3 in 7^ is a Lorentz index. 

The solution of equation (J23JI is V = e iA( ^ v^*) ^x)e(z a -t )^ D where (j 7 "£) Q _ = . 

_ . o .4+ 

If we expand the term il'ijl-y Dp + jlp D 7 )V ) in equation (|291) we will get: 

--(/ VflW^sW^-to^W+T^u (30) 
If we use the condition in equation (|28|) we will get: 
^(^77 -Dp +^7m D 7 )tp = ^d(j77 -Dm +^7m -D 7 )V'd 

?0 rO 



- A( / d*x)S(z" - t )i, Dla [6»5»ty D (31) 

so equation (I29[) will become to the ordinary Einstein equation with the conventional form 
for the energy momentum tensor for fermions: 

1 i <-> i «->• 

^7M ~ 2^7-^ = -^Gipotj-f-, Dp +jlp D-y)ipD (32) 



since both sides of equation (|32p have a nice covariant structure the same form of equation 
(I32p will be maintained in any coordinate system. 
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6 Gravitational coupling constant as a general function of 
all the charge in the universe 



We will redefine equation (fT9"|) to be 
1 



A F( / VWYV d A y) = A F(Q) (33) 



16ttG 

so now equation (f2Tj) will be: 



5St = ^cS ^ g[R ^ \ 6 \ R ^ 6e « d ' x + 
A(/ ^(xJdSO^P / H*4>[e?e a ll 5e < ? + 5e$] y /g<f i y 



+A^^( / V?^e Q 7>d 3 y)( / Vff^) + / d 4 x^5^ a D a - m)V> = (34) 



dQ 

So we have two equation, the first is: 

(i 7 ^D a -m + A^pe Q V<*(z° "*(>)(/ Jtys))^ = (35) 

which mean that again we have phase transformation tp = e * £ ^? lA( ^ V9R( x ) dix ) e ( z °~ t o) q p D tnat 
eliminates the S(z° — to) term. 

The second equation (after a modification of equation ) is: 



+^Ge a ^ 1 a D a -m)i> + 87rG^( 7 a S M +7^ £ a )V> (36) 



So, if we follow after the paragraph before and use the constraint of equation (|28f we will 

get: 

1 - i <-> j o 

-8^AG( J JgR(x) d 4 x)^e* g SQ ^6(y - to)?^l (37) 



if we express equation (|37p in term of ipo , then equation (|28[) once again is obtained and 
finally , once again, we will get the Einstein equation 



7 Mass coupling constant as a general function in curved 
space 

The action of Dirac is: 



S D = J (fx^i-^ D a -m)V (38) 
where we will defined the mass to be: 

m = XF([ VsV^V V> d 3 y) = A F(Q) (39) 
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and the action of the curved space is defined by equation (IT51) , so the varation of the total 
action is: 



6St 8nG 



A( / ^d 4 x)^l I ^i>[ep e^5e£ + 6ep ]^gd 3 y 



dQ 

+ J d 4 x^e%de a ^(^ Dp -m)i> + J d 4 x^5e^(^ 
-A^|^( J VgS^e°r^dhj)( J y/g^df-x) + J d 4 xjg5^{i 1 a D a - m)V = (40) 
as we done at the last section, we can have two equation: 

(ij-D a -m-X^^-e^ a S(z -to)(j d 4 x^^))i,^Q (41) 

which mean that again we have a phase transformation V = e^^o - ^ vva xmz ~ Io Vd that 

eliminates the S(z° — to) term 

and 

1 - i <-> i <-> 

+8^AG( | y /gW,d*x)fa<'il>8tf > - M^f^bW"] (42) 

we can see that again we need to use the condition on the coordinate as in equation (|28p so 
finally with the condition we will have: 

1 - i •<->■ i ++ 

^7M ~ 2- 9 ' i7jR = -87^(^77 -Dp +j7a< £W 

+8ttAG( | V?^ 4 ^7%W%° - * )^M[«^] (43) 

if we express equation (|43[) in term oi ipn , then equation (1411) once again is obtained and 
finally , once again, we will get the Einstein equation (1321) 

8 Cosmological constant depending on the total charge in 
the universe 

We will show that we can make a cosmological constant that depends on the total charge of the 
universe, we will start with the action: 



Sd = j d^x^i-r D a -m)fl> (44) 

where D a = ejfd^ — je l ^r] ac oj^ fl a ab is the covariant derivative for fermion and is the 
vierbein and a al3 — ^[7 Q ,7' 3 ] is the commutator of the Dirac gamma metric, and the spin 
connection is uj^ = e^d^e^ + e^egT^, where is the Christoffel symbol and ij ac is the 
lorentzian metric, the second definition is the action of the gravity [4j 

Sg = J V9(R(x) - AQ) d 4 x (45) 

where Q = J y /gipe^j a 'ipd 3 y and J yfg~AQd 4 x is a charge dependent cosmological constant like 
term. The total action is St = So + Sg- So by variation we will get: 
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d 4 X yfge^5e^{\l f3 Dp -m)tl>+ [ d 4 Xy/gSe^(^ 



A 
16 



+ J^q( J V5^e Q ° 7 ^d 3 2/)( / y/g&x) + J d 4 'Xy/gfyfa D a - m)V = (46) 
because we have two different spaces, we can produce two equation, the first equation is: 

A ( / VWe Q VV d 3 y)( I V9d 4 x) + f d 4 x^{i 1 a D a - m)</> = (47) 



16ttG . 

we wiil use equation (j4j and the fact that f^Hfj — ^ 4 ( x — z )5 a b and = and after 

integration we get: 

{i 1 a D a - m + 7^ e aV^ ~ tQ )( / ^ = ( 48 ) 

which mean that again we have a gauge invariance transform which his solution is ip = 
The second equation that follows by the variation is: 

- [R\ - \t\R + = |(/ V9d 4 x)^^6(y° - t Q )[e^e^ + 5$5°] 

+8^Ge^(^ 7 Q D a -m)ft> + 87rG-^( 7 Q D„ +7„ D a )^ (49) 

By contracting equation (J3SJ) with e ai = e s 7 r] a s and use the fact that e^e^rjas = gx-y and 

the fact that i/>(f7 Q D a —m)i[> = — 16 ^ G (J y/g d 4 x)^e^j l3 ^pS(y — t ) we get the Einstein field 
equation with a modification 



-£( / y/gd"x)^6(y° - «o)[c/ff^^] (50) 



From here we follows the step as was done from equation (|26|) to equation p2j) where now 
ipD and we have the Einstein equation with cosmological constant: 

- \g^{R - AQ) = -SttG^dC-^ Dp +^7^ B 7 )V>d (51) 
we got a cosmological constant which depends on the charge of all the universe. 

9 Using approximately conserved charges, the large num- 
ber hypothesis 

So far we have discussed the construction of the coupling constants as functions of conserved 
quantities, like electric charge, but there are many known charges that although our standard 
theories predict to be non conserved, there is still no direct evidence for it, for example baryon 
number (the matter anti matter asymmetry may indicate to a violation of baryon number [5] in 
the early universe, but does not prove it) . If we were to use such non conserved charge, then 
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we will not be able to restore Lorentz invariance, the time slice where the charge is defined will 
be important, the theory constructed in this way could behave very different than the standard 
one say in the early universe, but in more "calm" periods, where there is no even a direct hint 
of baryon number violation, the differences with the standard model would dissapear. 

It is interesting also to note that A. Eddington thought of the possibility that Newton's G 
could be influence by the large number of particles [BJ. In our case indeed we can formulate 
a theory where G=G(N), where N is for example number of baryons, the theory will respect 
Lorentz invariance if we work under the approximation that baryon number is conserved, not 
exact in the standard model, but very close to exact indeed. 

10 Coupling constant depending on Pontryagin index 

Until now we have defined the coupling constant to be a function of: 

^Vd 4 ! (52) 



Now we will mention the possibility to anther direction to another direction which the coupling 
constants are function of the Pontryagin index or the "winding number" of some gauge fields: [7 

N =77T^ I dtxTii^F^Fap) = / d^xTr^^™? (A v F a0 - ^A a A p A u ))) (53) 

loir* J lbn* J 3 

this number measures the number of time the hypersphere at infinity is wrapped around G M = 
e» va P{A v F af> -±A a ApA v ). 

one can see that any local variation of A^ which leaves the boundaries unaffected douse not 
change N, therefore: 

8N = (54) 

so now by construction of the coupling constant to be function of N we will get the ordinary 
Dirac equation because of the SN = situation. Notice however that the winding number is only 
well defined for configurations of finite action in Euclidean space, like for example instantons. 

11 Non local contribution motivated from "infra red counter 
terms" 

In ref.[9] ,in order to cancel infra red divergence in 3 - dimension gauge theories , infra red 
counter terms of the form: 

c([ rd 3 y)([ j^d 3 x) (55) 



are introduced. This is shown in ref.[9] to be equivalent to the procedure developed in ref|llj 
to cancel infra red divergence by introducing zero energy momentum photons. These infra red 
divergences are related to the super renormalizabilty of the theory in 3- dimensions |10j We 
generalize this idea and define the coupling constant to be proportional to this term (and latter 
to be an arbitrary function of (|55[1 ). we latter connect this procedure with our previous treatment. 
We again begin by considering the action for the Dirac equation 

S = J ^-e^y-m)^ (56) 

but now we take the coupling constant e to be proportional to the appropriate generalization of 
(|55[) in the context of a four dimensional theory. 

e = \{f .fd 4 y)( j j,d A z) = ±{{ ^d 4 y)( f ^d 4 z) (57) 
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so the action will be 



S = J d 4 xj(x)(-^ d» -m)ip(x)--( J d 4 xj(x)A^(x))( J j(yh^(y) d 4 y){ J ^(z)j^(z) d 4 z) 

(58) 



if we consider the fact that ^ a |^j = 8 4 (x — z) S a b and |^|y = we get the equation of motion 

™ = _ m)i , {z) _ ^ Z )^( Z ) d 4 z)( J j(zM(z) d 4 z)A^(z) 

-A( / 4>(x)A^^(x) d 4 x){ f 4,(z)^i>(z) d 4 z) 1 ^(z) (59) 



which can be simplified more by the use of new definition = X(J ip(x)A v ^ v ip(x) d x)(J ip(z)j fJ, ip(z) d z) 
which is a constant, and by the definition in equation ([5i 



= - m - eArf ~ KlM*) = (60) 

The solution of this equation is 

$ = e~ ih >^ D (61) 
where ipu is the solution of the equation 

[vfd,, - to - eA^]^ = (62) 

So we have just gauge transformation. We can connect this kind of contractions to what we did 
before in the page by generalizing the way we introduce the charge in the action from 



e = A / d 4 x5{t - i )V7> ( 63 ) 

to 

e = J d 4 x Ai5(t - tiWy Q i> Aj = A ( 64 ) 

i i 

and can use also instead of \5{t — ti) an arbitrary function of time f(t) 

e = J f(t)i,(t, x) 7 V(«, x) d 4 x, /" /(i) dt = X (65) 
from the special case f(t) = const, we have to deal with 

^Vrf 4 ^^ / (66) 



where = (1,0,0,0). Notice that in principle can be an arbitrary constant vector, then all 
the procedure goes thought, i.e. the non covariant terms are possible to eliminate by a gauge 
transformation. The desired construction is obtained when choosing for also J V^V' d A x 
leading them to 

\{J '^d 4 x)(j '^d 4 x) (67) 

the i factor is included now, because has become dynamical and its variation also contribute 
to the equations of motion. 
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12 Conclusion 



We have constructed a model that showed that we can make a new "Mach principle" for charge, 
in which all the electromagnetic coupling constant are a function of the total charge in the 
universe. 



Q = J ^%y° =toMy,y° = t )d 3 y = J p(y,y° = t ) d 3 y (68) 

We have showed that Lorentz invariance can be restored by just a phase transformation of 
the Dirac field. This shows that coupling constants can be taken not just as a given number but 
as a global function that depends on the global state of the universe in particular on the total 
charge of the universe, in the context of a consistent formalism. This is an explicit realization 
of something similar to the Mach principle, but now applied to charge rather than to mass. 
Although we have considered a charge that has been coupled to a gauge field, this is not necessary. 
We could consider also a charge which is not gauged, like for example baryon number, although 
baryon number in the standard model is not strictly conserved, then in a theory where the 
phase of baryons can be changed globally leaving the action invariant, we could also consider the 
coupling constants as a function of total baryon number. The apparent non Lorentz invariance 
can once again be cancelled by a phase transformation, however the method is guaranteed to 
work only in the case where baryon number is assumed to be conserved, any violation of baryon 
number [5] will induce a corresponding violation of Lorentz invariance Furthermore, when we 
work in curved spacetime we can see that we have gauge constraint on the coordinate, in which 
the coordinate prevent any local current: 



^7%^W = (69) 

where the reason is that we need that the Einstein equation will be symmetric. Although 
after the coordinate constraint is applied we can change the coordinate as we wants. 
We can also follow the method and make a cosmology constant that depends on the total charge 
of the universe. 

One of our objectives was to make a no local theory, so we have also shown that we can also make 
a theory that the coupling constant is a function of Pontryagin index. In ref. [9] ,in order to cancel 
infra red divergence in 3 - dimension gauge theories , infra red counter terms are introduced. 
This is shown in ref. [9] to be equivalent to the procedure developed in ref [11] to cancel infra 
red divergence by introducing zero energy momentum photons. These infra red divergences are 
related to the super renormalizabilty of the theory in 3- dimensions [TU] We generalize this idea 
and define the coupling constant to be proportional to this term (and latter to be an arbitrary 
function of (|55p). we have connected this procedure with our treatment. 

A The Lorentz invariant of Q by the conservation of the 
4 current 

We will define the four Dirac current to be: 

f = i'ivWiy) (70) 

and since we know after we use the equation of motion that the four dimension current is 
conserved: 

d,r = o (71) 

the total charge is: 

Q = fj°(x)d 3 x (72) 
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following Weinberg [3] we can rewrite the charge as: 

Q = [ d 4 x^d^6(n»x u ) (73) 



where 6(a) is a step function, and by definition Uj = 0, no = 1. If we perform a Lorentz 
transformation on Q then: 

Q' = J d 4 x'f^x')d' fl 9(n"x' v ) = J d 4 xA^AJd T 0(n»x' u ) = J d±x fd^n" x' u ) (74) 
where n\x lX = n' p x p so 

Q' = J d*x3»d v .9{n h 'x v ) (75) 
if we using equation (I71[) then we can write: 

Q'-Q = f^S.l/^K/J-M}] (76) 



The current j 11 can be presumed to vanish if |x| — > oo with t fixed, whereas the function 
B(n' v x v ) — 9(n u x u ) vanishes if \t\ — > oo with x fixed, so Q' — Q = so the charge is invariant 
under Lorentz transform because n„ and n' v is time like. 

B The Klein Gordon and Schrodinger cases 
The Klein Gordon case 

Until now we have steadied the Dirac field, now we will show how these affects look in the Klein 
Gordon case. 

When the Mass is a function of all the charge in the universe on the 
Klein Gordon field 

We will begin with the action of Klein Gordon equation: 

S = J d A x [(id^* + eA^*)(-id"^ + eA^cf)) - m 2 (j>*<f>\ (77) 
where we will take: 

m 2 = X f d 3 y [4>*i &></>- 2eA>*0] = \ f d 4 y [4>*i d° </> - 2eA°<f>*<f>]5(y° - t Q ) (78) 



which is the total charge in the universe by the definition of Klein Gordon field. So by variation 
we will get: 



5S = J d 4 x [-6</>* d^4> - i54>*ed^{A^4>) - i54>*eA^4> + e 2 5(j>* A^4> - S^m 2 ^} 
-X(J d 4 x(f>*(j)) J d i yS(y° - ta)[S^*ido<j) + 5(t>*id <j) - 2e5(j)*A (t>} 

-\([ d 4 x0*4>) J dV<^<W(2/° -to) (79) 

from this we get the equation of motion: 

- d^cj) - ie^d^A" - 2ieA t "d^ + e 2 A^cj) - m 2 <p ~ 2A( J d A x4>*4>)5{y° - t )[id <f> - eA <j)} 

-iX( J d 4 x <p*<t>)cj) d Q S(y° - t ) = (80) 
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if we do the transformation 



A°^A + ^5(y -t ) (81) 
e 

and 

where b = iX J <fi*<fid y then we have that 

dot = e A2bf ^°- to ^o + A 2 6%° - t^ 6 ^" 1 " Vo (83) 

dod°ct> = e^^-^Ood ^ + 2X 2 b5(y° - t^e^^'^d^o 
+X 2 b 2 S 2 (y Q - to)e A2befe °-*°Vo + X 2 b(d 6(y - t ))e befe °-* Vo (84) 
So, if we use equation (|8Tj) in equation (|80| than we will get: 



d^(f> - ie^A" - 2ieA"d^ + e 2 A fl A"^ - m 2 4> + 2bS(y° - t )[(Xi - l)<9 </> 

+i(Ai - l)eA o + 0.565(2/° - *o)<£(2Ai - A 2 )] 

+6(Ai- l)0a o %° -to) =0 (85) 



and finally we put equation ([82]) and we get: 

- d^fo - iefod^ - 2ieA»d ti <p + e 2 A^<j> - m 2 o + 2bS(y° - i )[(Ai + A 2 - l)d </> 
+i(Ai + A 2 - l)eA o o + 0.5W(y° - t )^o(A^ + (2A a - A 2 ) + 2(A a - 1)A 2 )] 

+b(X 1 + A 2 - l)0o d S(y° -t ) = (86) 

if we need that equation (|86|) will be like ordinary Klein Gordon equation we need that: 

Ai + A 2 - 1 = (87) 
A 2 + (2Ai-A 2 )+2(A!-l)A 2 =0 

for which the solutions are A 2 = -4= , — 7= andXi = 1 \= ,1 H — 7= respectively 

v2 V2 V2 V2 



where for these solutions equation (|86p will become: 

[{id,, - eA^){td» - eA*) - m 2 ]0 o = (89) 

Coupling constant depending of Charge in Klein Gordon 

We will begin with the action of Klein Gordon equation: 

S = J d A x [{id^<t>* + eA^X-id'V + eA^) - m 2 0*0] (90) 
where we will take: 

e = A / rf 3 y [0*z 9° - 2e^>*0] = X d 4 y [4>*i d° <j> - 2eA°c))* (j)]S(y° ~ t ) (91) 



which is the total charge in the universe by the definition of Klein Gordon. So by variation we 
will get: 

5S= [ d A x [-50* - i6(t>*ed^(Ai*<f>) - i8(j>*eA^^ + e 2 5(t>*A fl A f *<j) - S<f>*m 2 <f>] 



-A( / d i xA^*id^ 0-2eA^0*0)) y d 4 y %° - i o )[<50*0 o + ^*iflb^ - 2e50*A>] 

-A(/ d^xA^i^ 0-2eA^*0)) / d 4 y 5cf)*i<j)d 5{y - t ) (92) 
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where we know that J d 4 x A^cjfi d* 1 <f> — 2eA^<f>*(f) = J d 4 x A^j^ so the equation of motion 
will become: 



- d^cj) ~ i&ftd^A" - 2ieA t "d fl (f> + e 2 A f ,A' 2 <j> - m 2 - 2A( / d 4 x A^,f)5{y a - t )[id Q <j) - eA (j)} 

-iX( J d 4 xA^f)0d o 5(y° - to) = (93) 
the solution of the equation is the same as in the last section but with b = iXj d 4 x A^j^ 
The Schrodinger case 

We can see that also in Schrodinger equation case these effects can be studied. The action for 
the Schrodinger equation is [2]: 

S = I S ^ - J-CVtp* - eA)(W - eA) + eVib'ib) d 4 x (94) 
J 2 2m 

we can take the coupling constant as "e" and "m" and follow the same approach as before 
where the coupling constant is proportional to the total charge in the universe , for example j8] : 

e(Q) = Ai J ip*ipd 3 x (95) 

and 

m(Q) = X 2 J i>*iPd 3 x (96) 

where 

i/;*il;d 3 x = [ pd 3 x (97) 



The equation of motion will be like the standard Schrodinger equation, if we will preform the 
transformation: 

i> = e^+^W-' )^ (98) 
where tpo is the solution of the standard Schrodinger equation, and "b" is 

b e = X 1 J ((W)A + A(V^) + 2eA 2 + ip*ipV) d 4 x (99) 

and 

b m = ^ A 2 f (Vr - eA)(V^ - eA) d 4 x (100) 
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